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CONFIGURATIONS IN FRACTALS
NIKOLAOS CHATZIKONSTANTINOU
Abstract. We define the manifold of configurations to be the
quotient set of k points in Euclidean space identified under con-
gruence, and prove that compact subsets of Rd, d ≥ 2, of large
Hausdorff dimension have a non-null set of configurations in them.
Our method simplifies previous work in [2] and achieves a better
dimensional threshold.
Let d ≥ 2, k ≥ 3 and consider the Euclidean group E(d) acting on k
points x1, . . . , xk of R
d by the diagonal action
g · (x1, . . . , xk) = (gx1, . . . , gxk), g ∈ E(d).
We define the configuration space as the quotient space
Cdk := ⊕
k
R
d/E(d)(1)
∼= ⊕k−1Rd/O(d).(2)
(For (2) we set x1 = 0.) The configuration space is a smooth manifold
with singularities: If k ≤ d we have a diffeomorphism
Cdk
∼= Ck−1k .(3)
Assuming k ≥ d+1, the set of x ∈ ⊕k−1Rd with maximal rank is open
and there O(d) acts smoothly, freely and properly. By Theorem 21.10
of [4], that part of Cdk is a smooth manifold of dimension
m := dk −
d(d+ 1)
2
.(4)
The residue set may be identified with Cd−1k and together with the base
case C1k , which is an open cone over RP
k−2, we have determined the
structure of Cdk .
The standard Riemannian metric of ⊕kRd makes Cdk into a Riemann-
ian manifold whose distance function is given by the invariant function
d(x, y) := min
g∈E(d)
‖x− g · y‖⊕kRd, x, y ∈ ⊕
k
R
d,(5)
see [1], Proposition 3.1 and its proof.
The question which is answered in this paper is the following: Given
X ⊂ Rd compact, does there exist s > 0 such that Xk/E(d) is not a
null set when the Hausdorff dimension of X exceeds s?
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We prove this for
s =
{
d− d−1
k
, k ≥ d+ 1,
d− k−2
k
, 3 ≤ k ≤ d.
(6)
Proving the case k ≥ d+1 is enough, considering (3), since for the case
k ≤ d we can find a (k − 1)-dimensional affine plane that intersects X
and apply the result there, see Theorem 6.6 in [5]. The case 3 ≤ k ≤ d
was first worked out in [3], and better results are obtained there for
that range of k.
Theorem 1. Let d ≥ 2, k ≥ d + 1 and X ⊂ Rd compact. If the
Hausdorff dimension of X exceeds s (see (6)) then Xk/E(d) is not a
null set of Cdk .
Proof. Let µ be a Borel probability measure on X and let ν be the
probability measure on Cdk defined as the pushforward of µ
k by the
quotient projection of (1). Let ǫ > 0 and define νǫ(x) for x ∈ C
d
k by
νǫ(x) := ǫ
−m
∫
χ[0,1](d(x, y)/ǫ)dν(y).(7)
For f ∈ Cc(C
d
k) and ǫ > 0 small we have∫
f(x)dνǫ(x) =
∫ ∫
B(y,ǫ)
ǫ−mf(x)dxdν(y)
which gives, for some positive h ∈ C(Cdk) depending on the metric of
Cdk , the weak-* convergence νǫ → hν as ǫ→ 0, so
‖ν‖L2(Cd
k
) ≤ C · lim inf
ǫ→0
‖νǫ‖L2(Cd
k
), C = ‖h‖L∞(spt ν).(8)
We now wish to bound the right hand side of (8). By the triangle
inequality,∫
Cd
k
νǫ(x)
2dx = ǫ−2m
∫
Cd
k
∫∫
χ[0,1](d(x, y)/ǫ)χ[0,1](d(x, z)/ǫ)dµ
k(y)dµk(z)dx
≤ Cǫ−m
∫∫
χ[0,1](d(y, z)/ǫ)dµ
k(y)dµk(z), C > 0.(9)
Using Lemma 1 together with (4) we may we may bound (9) by
Cǫ−d(k−1)
∫
O(d)
∫∫ ∏
1<j≤k
χ{|(z1 − zj)− ρ(y1 − yj)| < C
′ǫ}dµk(y)dµk(z)dρ.
(10)
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We now reveal a convolution in (10). Consider the measure νρ, ρ ∈ O(d)
whose action on a measurable function f : Rd → R is given by∫
f(u)dνρ(u) :=
∫
Rd
∫
Rd
f(z0 − ρy0)dµ(z0)dµ(y0).(11)
Then (10) may be rewritten as
C
∫
O(d)
∫ ∏
1<j≤k
ǫ−d
∫
χ{|u1 − uj | < C
′ǫ}dνρ(uj)dνρ(u1)dρ, C
′ > 0.
(12)
As long as νρ is absolutely continuous for almost every ρ ∈ O(d), (12)
converges, as ǫ→ 0, to a constant multiple of∫
O(d)
∫
Rd
νkρ (u)dudρ < +∞(13)
which Lemma 2 shows to be finite for s > d− d−1
k
.
Combining (8) and Lemma 2 shows that ν ∈ L2(Cdk), which implies
that its support is not a null set. 
1. Group actions
Lemma 1. Let d ≥ 2, k ≥ 3. If z, y ∈ ⊕kRd with ‖y‖ ≤ M for some
M > 0 and d(z, y) < ǫ for ǫ > 0 small enough, then there exists some
CM > 0 that depends on M for which the set
{ρ ∈ O(d) : |(z1 − zj)− ρ(y1 − yj)| < CMǫ, 1 < j ≤ k}(14)
has Haar measure at least ǫ
d(d−1)
2 .
Proof. Let g0 ∈ E(d) so that d(z, y) = ‖z − g0 · y‖. Let ρ0 ∈ O(d) be
the rotational component of g0. For ρ close to ρ0 we have
|(z1 − zj)− ρ(y1 − yj)| ≤ |(z1 − zj)− ρ0(y1 − yj)|+ |ρ0(y1 − yj)− ρ(y1 − yj)|
≤ 2ǫ+ 2C‖y‖ǫ.
This implies that an ǫ-neighborhood of ρ0 satisfies (14), and since
dimO(d) = d(d−1)
2
the conclusion follows. 
The constant C depends on the metric chosen for O(d). The set (14)
may have large volume, for example it is the full group if y = z = 0.
Lemma 2. Let d ≥ 2, k ≥ 3. If the Hausdorff dimension of X is
greater than d − d−1
k
then there exist some measure µ supported on X
for which ∫
O(d)
∫
Rd
νkρ (u)dudρ < +∞.(15)
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Lemma 2 is proven in [3], §3. Note that (15) implies that νρ is
absolutely continuous for almost every ρ.
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List of Symbols
E(d) Group of Euclidean motions of Rd.
O(d) Group of rotations of Rd.
RP
k−2 Real projective space of dimension k − 2.
χ Characteristic function of a set.
B(y, ǫ) Ball about y ∈ Cdk of radius ǫ.
Cc(C
d
k) Continuous functions C
d
k → R with compact support.
⊕kRd Direct summand of k copies of Rd.
‖ · ‖⊕kRd Standard Euclidean distance.
spt ν Support of the measure ν.
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